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Abstract

Dominant phenotype of a genetic marker provides incomplete information about the marker genotype of an
individual. A consequence of using this incomplete information for mapping quantitative trait loci (QTL) is that
the inference of the genotype of a putative QTL flanked by a marker with dominant phenotype will depend on the
genotype or phenotype of the next marker. This dependence can be extended further until a marker genotype is fully
observed. A general algorithm is derived to calculate the probability distribution of the genotype of a putative QTL
at a given genomic position, conditional on all observed marker phenotypes in the region with dominant and missing
marker information for an individual. The algorithm is implemented for various populations stemming from two
inbred lines in the context of mapping QTL. Simulation results show that if only a proportion of markers contain
missing or dominant phenotypes, QTL mapping can be almost as efficient as if there were no missing information
in the data. The efficiency of the analysis, however, may decrease substantially when a very large proportion of
markers contain missing or dominant phenotypes and a genetic map has to be reconstructed first on the same data
as well. So it is important to combine dominant markers with codominant markers in a QTL mapping study.

Introduction

Many PCR-based genetic markers behave like dom-
inant markers. Unlike codominant markers such as
restriction fragment length polymorphism (RFLP),
which can generally show three band patterns in an
F2 population in electrophoretic gels, each represent-
ing one genotype of a probe, dominant markers such
as random amplified polymorphic DNA (RAPD) can
generally show only two patterns, presence or absence
of a band, so that a heterozygote can have the same
band pattern as one of the homozygotes. There has
been some concern about the use of dominant mark-
ers in mapping quantitative trait loci (QTL) because of
partial missing information. Although the problem of
dominant markers can be avoided through experimen-
tal designs, such as using recombinant inbred lines and
double haploids to remove heterozygote class or just
using segregating markers in a backcross, it is common

to have dominant markers in other populations, such
as F2.

When a marker is not fully informative, it is gen-
erally known that information from other markers in
a linkage group can be used to recover some missing
information. In their original paper on linkage map
reconstruction, Lander and Green (1987) outlined a
Markov chain method to recover missing information.
The same idea has been used repeatedly in literature for
linkage map reconstruction and for mapping QTL in
various experimental designs. For example, Martinez
and Curnow (1994) discussed missing marker prob-
lems in QTL mapping. Haley, Knott and Elsen (1994)
used similar arguments to improve the calculation of
conditional QTL genotype probabilities given marker
phenotypes for mapping QTL from a cross between
outbred populations. A similar method was used by
Fulker, Cherney and Cardon (1994) for sib-pair inter-
val mapping using multiple markers. In many of these
analyses, however, the proposed methods enumerate



48

various possibilities and consider them one by one.
This approach works effectively only in a few limit-
ed situations. Jansen (1996) used a Monte Carlo EM
algorithm via Gibbs sampling to deal with missing
and dominant markers. This is an approximate method
and requires extensive computation, particularly when
the number of markers with incomplete information is
large.

In this paper, we derive a general algorithm to sys-
tematically deal with dominant and missing markers in
F2 and other populations derived from two inbred lines.
In particular, we try to formulate the algorithm in a way
that can efficiently calculate QTL genotype distribu-
tion given observed marker phenotypes. Our analysis
is similar to the method of Lander and Green (1987) in
spirit, but with derivation and sufficient details in the
analysis.

An algorithm for F2 population

Algorithm

Consider an F2 population from a cross between two
inbred lines, P1 and P2. Suppose there are m markers
on a chromosome whose map positions are known and
arranged in the order of M1, � � �, Mm. In this popula-
tion, each marker or QTL has three possible genotypes.
Let xk denote the genotype of marker (or QTL)Mk for
an individual, which takes a value 1, 0 or -1 if Mk is
homozygote of P1 type, heterozygote, or homozygote
of P2 type, respectively.

To facilitate the following discussion, we let zk
denote the phenotype of marker (or QTL) Mk for the
same individual. When a marker is fully observed,
the phenotype equals the genotype, i.e., zk = xk =

f1g; f0g; or f�1g. When a marker is unobserved
(i.e., missing), the genotype is unknown with zk =

f1; 0; �1g = M for missing. When a marker is par-
tially observed, the phenotype includes two possible
genotypes. In this paper, a dominant phenotype rep-
resents homozygote of P1 type or heterozygote (i.e.,
zk = f1; 0g = D for dominance or zk 6= �1),
and a recessive phenotype represents heterozygote or
homozygote of P2 type (i.e., zk = f0; �1g = R for
recessive or zk 6= 1). (Another subset zk = f1; �1g
can also be included in analysis if necessary).

If Mk is a putative QTL whose genotype may or
may not be observed (depending on the testing posi-
tion), a very important analysis in QTL mapping is to
calculate, for each individual, the conditional probabil-

ity of xk taking different values given observed marker
phenotypes on the chromosome. We denote this prob-
ability as P (xkjz1; � � � ; zm).

If Mk�1 and Mk+1, the two flanking markers of
Mk, are both fully observed for the individual, the
conditional probability depends entirely on the pheno-
type of Mk, the genotypes of Mk�1 and Mk+1, and
the recombination frequencies betweenMk�1 and Mk

and betweenMk andMk+1 and is independent of other
markers on the chromosome under the assumption of
no crossing-over interference, i.e.,

P (xk jz1; � � � ; xk�1; zk; xk+1; � � � ; zm)

= P (xkjxk�1; zk; xk+1):

However, if one (or both) of the flanking markers is
unobserved or only partially observed, the genotype
or phenotype at the next marker away from the flank-
ing marker can provide some information about the
genotype of the flanking marker and this in turn will
improve the estimation of the probability distribution
of the genotype at the testing position for the QTL for
the individual. This dependence can be extended fur-
ther in each direction until a marker locus for which the
genotype is fully observed or to the terminal marker of
the chromosome.

Let Mi and Ml (i � k � l) be two most adjacent
fully observed markers. If there is no fully observed
marker in one or both directions, take Mi = M1

or Ml = Mm or both. The task is to calculate
P (xk jzi; � � � ; zl). By Bayes’ theorem,

P (xk jzi; � � � ; zl) =
P (xk)P (zi � � � zljxk)P
xk
P (xk)P (zi � � � zljxk)

: (1)

Note that under the assumption of no crossing-over
interference, for a given specific value of xk

P (zi � � � zljxk)

= P (zi � � � zkjxk; zk+1; � � � ; zl)P (zk+1 � � � zljxk)

= P (zi � � � zkjxk)P (zk+1 � � � zljxk):

In (1), P (xk) is the unconditional or prior probability
of xk in a population. Let

qk = fP (xk)g(3�1)

denote a row vector of the prior probabilityP (xk), i.e.,

q0k = [P (xk = 1); P (xk = 0); P (xk = �1)]
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where 0 denotes transposition. Similarly, let also

pRk = fP (zk+1 � � � zljxk)g(3�1)

pLk = fP (zi � � � zkjxk)g(3�1)

pk = fP (xkjzi; � � � ; zl)g(3�1):

Then, equation (1) can be expressed as

pk =
qk � (p

L
k � p

R
k )

q0k(p
L
k � p

R
k )

(2)

where � denotes componentwise product of vectors.
For an F2 population,

q0k = [ 1
4 ;

1
2 ;

1
4 ]: (3)

pRk and pLk can be calculated via a Markov chain
process. To show how to calculate them, let us first con-
sider some simple situations. If an individual has the
dominant phenotype at Mk+1 (i.e., zk+1 = f1; 0g),

P (zk+1jxk) =
X

xk+12zk+1

P (xk+1jxk)

= P (xk+1 = 1jxk) + P (xk+1 = 0jxk):

If the individual also has the recessive phenotype at
Mk+2 (i.e. zk+2 = f0; �1g),

P (zk+1zk+2jxk)

=
X

xk+12zk+1

X
xk+22zk+2

P (xk+1xk+2jxk)

=
X

xk+12zk+1

X
xk+22zk+2

P (xk+2jxk+1)P (xk+1jxk)

= [P (xk+2 = 0jxk+1 = 1)

+P (xk+2 = �1jxk+1 = 1)]P (xk+1 = 1jxk)

+[P (xk+2 = 0jxk+1 = 0)

+P (xk+2 = �1jxk+1 = 0)]P (xk+1 = 0jxk):

(4)

Then if we let

H(rk) =

2
664
P (xk+1 = 1jxk = 1) P (xk+1 = 0jxk = 1) P (xk+1 = �1jxk = 1)

P (xk+1 = 1jxk = 0) P (xk+1 = 0jxk = 0) P (xk+1 = �1jxk = 0)

P (xk+1 = 1jxk = �1) P (xk+1 = 0jxk = �1) P (xk+1 = �1jxk = �1)

3
775

=

2
664

(1 � rk)
2 2rk(1 � rk) r2

k

rk(1 � rk) (1 � rk)
2 + r2

k rk(1 � rk)

r2
k 2rk(1 � rk) (1 � rk)

2

3
775 (5)

which denotes a transition probability matrix fromMk

to Mk+1 (and is also a transition probability matrix
from Mk+1 to Mk), where rk is the recombination
frequency between Mk and Mk+1, the equation (4)
can be expressed in matrix form as

pRk = HD(rk)HR(rk+1)c

withHD(rk) = H(rk)ID ,HR(rk+1) =H(rk+1)IR,

ID =

2
664

1 0 0

0 1 0

0 0 0

3
775 IR =

2
664

0 0 0

0 1 0

0 0 1

3
775 c =

2
664

1

1

1

3
775 :

The function of matrices ID and IR is to make appro-
priate column elements ofH zero.

Thus, in general,

pRk =Hzk+1(rk)Hzk+2(rk+1) � � �Hzl(rl�1)c (6)

where zj = M , D, R, 1, 0 or -1, depending on the
information content of the phenotype of marker Mj .
As specified above, Hzj = HIzj with IM = I the
identity matrix, I1, I0 and I�1 having 1 in one corre-
sponding diagonal element and 0 everywhere else. The
chain specified by (6) connects and sums together all
relevant paths of joint probabilities of genotypes based
on observed marker phenotypes on the right side ofxk .
Similarly,

pLk = IzkHzk�1(rk�1)Hzk�2(rk�2) � � �Hzi(ri)c:
(7)

The function of Izk is to make appropriate row ele-
ments of pLk and thus pk as well zero. Similarly, if
pRk is defined to include zk as well for some applica-
tions, i.e., pRk = fP (zk � � � zljxk)g(3�1) (see below),
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pRk can also be calculated by (6) and then premultiplied
by Izk just like (7). Usually, the testing position Mk

is between markers and zk is missing. In this case,
the individual has non-zero probability at all of the
three genotypes. When the testing position Mk for a
QTL is at a marker and the individual has the dominant
phenotype at the position, zk = D and the individual
has zero probability for xk = �1.

Note thatHM (rk;k+1) = HM (rk)HM (rk+1)with
rk;k+1 = rk + rk+1 � 2rkrk+1. Also HD(rk;k+1) =

HM (rk)HD(rk+1) and HR(rk;k+1) =

HM (rk)HR(rk+1). Thus, the operation of the chains
can be shortened for intervals with missing markers.

In practice, pRk and pLk can be calculated first for
all markers, which can then be used later to obtain the
conditional probabilities of genotypes for any position
covered by markers in mapping QTL. For example,
assuming that Mk0 is a testing position for a QTL in
an interval flanked by Mk and Mk+1, then

pRk0 = H(rRk0 )p
R
k+1 and pLk0 = H(rLk0 )p

L
k

where rRk0 is the recombination frequency betweenMk0

and Mk+1 and rLk0 between Mk and Mk0 . This, in our
opinion, is the most efficient way to calculate the condi-
tional probability distribution of QTL genotype given
observed marker phenotypes. Unlike Haley, Knott and
Elsen (1994), the calculation here is performed in a
recursive manner through a Markov chain and puts no
constraint on the number of markers with incomplete
information in analysis. Also, the chain analysis direct-
ly gives the probability distribution of QTL genotype
given the observed marker phenotype while the Monte
Carlo EM algorithm of Jansen (1996) provides only an
approximation with intensive computation.

Efficiency of the algorithm

Simulations were performed to investigate the effects
of missing and dominant markers on mapping QTL.
We simulated a chromosome of 80 cM in length with
marker coverage at every 5 cM, 10 cM, or 20 cM (three
marker coverages) for an F2 population. The linkage
map is assumed to be known. Five marker composi-
tions were simulated and compared: (a) all markers are
codominant with no missing marker data; (b) all mark-
ers are codominant with 15% random missing marker
data; (c) markers are codominant and dominant in alter-
nate order; (d) markers are codominant, dominant, and
recessive in alternate order; and (e) markers are dom-
inant and recessive in alternate order. One QTL was

considered and simulated at 47.5 cM position. Analy-
sis was performed by using simple interval mapping
(Lander & Botstein, 1989; Model III of Zeng, 1994)
with the conditional probability of the putative QTL
genotype at a testing position calculated by (2).

The threshold used in reporting the power of the
test was chosen to be LOD = 2.3 for all the mark-
er compositions. Although it is not strictly appropri-
ate, this value was chosen merely for the convenience
of comparison. The sample size is 150 and the repli-
cates of simulation were 1000. Results are presented in
Table 1.

Results show that both statistical power of QTL
detection and precision of QTL estimation generally
decrease as more markers become missing or partially
missing as expected. The power, however, does not
change significantly when the marker density is 5 cM.
There is also relatively little difference on the estimated
standard deviations (SD) of estimates of QTL additive
and dominance effects for different marker composi-
tions. The standard deviations of estimates of QTL
position increase noticeably only for case (e) when the
marker density is 5 cM and for cases (d) and (e) when
10 and 20 cM. Significant decrease on the proportionof
QTL mapped to the correct interval occurs also mostly
for cases (d) and (e). Overall, the effect of different
marker compositions on the power and precision of
QTL mapping is small. This basically reflects the effi-
ciency of the algorithm in utilizing all available marker
information to infer the probability of QTL genotype.

It is also interesting to compare case (c) of 5 cM
interval with case (a) of 10 cM interval. The latter case
approximately corresponds to the former case when
the dominant marker data are not utilized in analysis.
The results of case (c) of 5 cM are consistently closer
to those of case (a) of 5 cM than those of case (a) of
10 cM. Similar results can also be found when we com-
pare case (c) of 10 cM with case (a) of 20 cM. These
results clearly show that efficient use of incomplete
marker information can greatly improve the power and
precision of QTL mapping.

Note that all simulations in this section assumed
that the marker linkage map is known. However, in
practice the marker linkage map may be unknown and
needs also to be inferred from the data. The effect of
dominant and missing markers on linkage map recon-
struction is investigated below. The error of missing
and partial missing data on linkage map reconstruction
will carry over to the calculation of distribution of QTL
genotype.
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Table 1. Simulation results on estimated power, QTL additive effect (a),
dominance effect (d), position (�), and proportion of QTL mapped into
the correct interval (pint) for different marker compositions and densities
with parameters a = 0:5, d = 0:25 and � = 47:5 cM

Parameter Marker Marker density (interval size)

estimated compositiona 5 cM 10 cM 20 cM

Power (a) 0.95 0.91 0.85

(b) 0.95 0.90 0.83

(c) 0.94 0.91 0.84

(d) 0.95 0.85 0.76

(e) 0.93 0.90 0.75

a(SD) (a) 0.51(0.11) 0.50(0.13) 0.48(0.13)

(b) 0.51(0.11) 0.50(0.13) 0.49(0.13)

(c) 0.51(0.11) 0.50(0.13) 0.49(0.13)

(d) 0.51(0.11) 0.50(0.13) 0.48(0.14)

(e) 0.51(0.12) 0.51(0.13) 0.49(0.14)

d(SD) (a) 0.26(0.20) 0.25(0.19) 0.24(0.22)

(b) 0.26(0.20) 0.25(0.20) 0.24(0.23)

(c) 0.26(0.19) 0.25(0.19) 0.24(0.23)

(d) 0.26(0.20) 0.24(0.21) 0.23(0.25)

(e) 0.26(0.20) 0.27(0.21) 0.22(0.27)

�(SD) (a) 47.2(6.6) 48.0(7.3) 47.5(10.2)

(b) 47.1(6.7) 48.0(7.6) 47.1(11.0)

(c) 47.2(6.7) 48.2(7.3) 47.8(10.2)

(d) 47.2(6.5) 46.9(8.7) 48.5(12.1)

(e) 46.9(6.9) 48.5(8.1) 48.1(12.1)

pint (a) 0.62 0.65 0.72

(b) 0.61 0.66 0.69

(c) 0.62 0.64 0.71

(d) 0.61 0.59 0.66

(e) 0.61 0.64 0.64

a Marker composition: (a) all markers are codominant; (b) markers are
codominant with 15% data missing at random; (c) markers are codominant
and dominant in alternate order; (d) markers are codominant, dominant,
and recessive in alternate order; (e) markers are dominant and recessive in
alternate order.

Extension to several experimental designs

General algorithm

We now generalize the above Markov chain analysis
to many other commonly used experimental designs
stemming from two inbred lines. We first outline a gen-
eral algorithm and then specify it for different experi-
mental designs.

Recently Fisch, Ragot, and Gay (1996) derived
the conditional genotypic probability distribution of

a testing position given two fully observed flanking
markers for Ft populations by selfing and backcross-
es of Ft to parental lines by using a Markov chain
to link the transition of crossing-over events in differ-
ent generations. They, however, employed two inter-
vals involving genotypes of three loci in their analysis
and also did not analyze the dominant marker situa-
tion. As demonstrated above, the analysis can be per-
formed only in one interval in different generations and
multiple intervals can be linked by another Markov
chain. This approach is particularly important when
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we consider multiple intervals involving dominant
markers.

In the above F2 analysis, marker genotyping and
trait phenotyping are assumed to be performed on
the same individual. However, in some QTL map-
ping experiments or breeding programs, traits can be
measured on some progeny of the individuals whose
marker composition is genotyped (e.g., Stuber et al.,
1992; Beavis et al., 1994). In this analysis, we also take
this situation into account, as did Fisch, Ragot, and Gay
(1996). Let fzgu denote a phenotypic observation of
the set of markersMi, � � �, Ml for an individual in pop-
ulation u, and xvk denote the putative QTL genotype
at Mk in population v for the same individual (when
v = u) or for the progeny of the individual (when
v 6= u). Then

P (xvk jfzg
u
) =

X
xu
k

P (xvkx
u
k jfzg

u
)

=
X
xu
k

P (xuk jfzg
u
)P (xvkjx

u
k ; fzg

u
)

=
X
xu
k

P (xuk jfzg
u)P (xvkjx

u
k) (8)

Let

pvk = fP (xvkjfzg
u)g(3�1)

quk = fP (xuk)g(3�1)

pRuk � pLuk = fP (fzgujxuk)g(3�1)

Mu!v = fP (xvkjx
u
k)g(3�3):

Equation (8) can be expressed as

pvk =
M0

u!v [q
u
k � (p

Ru
k � pLuk )]

qu0k (pRuk � pLuk )
: (9)

Now it remains to determinequk , pRuk , pLuk andMu!v

for different experimental designs.

Selfed Ft

We first extend the analysis from F2 to selfed Ft for an
arbitrary t. When u = v,Mu!v = I. For u = Ft, it is

known that

qFt0k =

�
1
2
�

1
2t
;

1
2t�1

;
1
2
�

1
2t

�
: (10)

To obtain pRuk and pLuk , we need to derive H
for u = Ft. For two loci, there are ten genotypes
including two double heterozygotes. These ten geno-
types are

�
AB

AB
;
AB

Ab
;
Ab

Ab
;
AB

aB
;
AB

ab
;

Ab

aB
;

Ab

ab
;
aB

aB
;
aB

ab
;
ab

ab

�
:

Let p0Ft be a row vector of frequencies of these ten
genotypes in an Ft population. For F1 which is a cross
from two inbred lines,

p0F1
= [0; 0; 0; 0; 1; 0; 0; 0; 0; 0]:

The transition probability matrix of these genotypes
in two generations by selfing is

TS =

2
66666666666666666666666666666664

1 0 0 0 0 0 0 0 0 0

1
4

1
2

1
4 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0

1
4 0 0 1

2 0 0 0 1
4 0 0

w2

4
rw
2

r2

4
rw
2

w2

2
r2

2
rw
2

r2

4
rw
2

w2

4

r2

4
rw
2

w2

4
rw
2

r2

2
w2

2
rw
2

w2

4
rw
2

r2

4

0 0 1
4 0 0 0 1

2 0 0 1
4

0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1
4

1
2

1
4

0 0 0 0 0 0 0 0 0 1

3
77777777777777777777777777777775

where w = 1 � r. Then,

p0Ft = p0F1
Tt�1
S : (11)



53

The transition probability matrix equivalent to (5) for
Ft is then

HFt =

2
66664

pFt [1]
pFt [1]+pFt [2]+pFt [3]

pFt [2]
pFt [1]+pFt [2]+pFt [3]

pFt [3]
pFt [1]+pFt [2]+pFt [3]

pFt [4]
pFt [4]+pFt [5]+pFt [6]+pFt [7]

pFt [5]+pFt [6]
pFt [4]+pFt [5]+pFt [6]+pFt [7]

pFt [7]
pFt [4]+pFt [5]+pFt [6]+pFt [7]

pFt [8]
pFt [8]+pFt [9]+pFt [10]

pFt [9]
pFt [8]+pFt [9]+pFt [10]

pFt [10]
pFt [8]+pFt [9]+pFt [10]

3
77775 ;

where pFt [i] is the ith element of pFt . A general solu-
tion of pFt in terms of r and t can be found in Bulmer
(1985, pp. 33). By using this result, it is shown that

HFt [1; 1] = HFt [3; 3] =
1

2t�1 � 1

"
2t�1

1 + 2r
� 1 �

2t�1( 1
2 � r)t

1 + 2r
+ 2t�2

[
1
2
� r(1 � r)]t�1

#

HFt [1; 2] = HFt [3; 2] =
1

2t�1 � 1

�
1 � 2t�1[

1
2
� r(1 � r)]t�1

�

HFt [1; 3] = HFt [3; 1] =
1

2t�1 � 1

"
2tr

1 + 2r
� 1 +

2t�1( 1
2 � r)t

1 + 2r
+ 2t�2[

1
2
� r(1 � r)]t�1

#
(12)

HFt [2; 1] = HFt [2; 3] =
1
2
� 2t�2[

1
2
� r(1 � r)]t�1

HFt [2; 2] = 2t�1
[
1
2
� r(1 � r)]t�1

whereHFt [i; j] is the ith row and jth column element
ofHFt .

It is easy to check that when t = 1 (recombinant
inbred lines),

HF1 =
1

1 + 2r

2
664

1 0 2r

0 0 0

2r 0 1

3
775

which is the classical result given by Haldane and
Waddington (1931). When t = 2, HF2 reduces to (5)
for a corresponding interval.

When we use the transition probability matrix (12)
in (6) and (7) to obtain pRFtk and pLFtk , we need to
note that whereasHF2(rk;k+1) = HF2(rk)HF2(rk+1),
HFt(rk;k+1) 6= HFt(rk)HFt(rk+1) for t > 2 even
under the assumption of no crossing-over interfer-
ence because of multiple generations of recombina-
tion. Similar results can be observed for the follow-
ing backcross from selfed Ft and advanced back-
cross. However, generally HFt(rk;k+1) is very close
toHFt(rk)HFt(rk+1). For example,

HF1(rk;k+1) =
1

1 + 2rk;k+1

2
664

1 0 2rk;k+1

0 0 0

2rk;k+1 0 1

3
775

is very close to

HF1(rk)HF1(rk+1) =
1

(1 + 2rk)(1 + 2rk+1)

�

2
664

1 + 4rkrk+1 0 2rk + 2rk+1

0 0 0

2rk + 2rk+1 0 1 + 4rkrk+1

3
775

with rk;k+1 = rk + rk+1 � 2rkrk+1 when rkrk+1 is
very small. Given pRFtk and pLFtk approximated by
(12), pFtk is obtained by (9) with the prior probability
vector (10).

When v 6= u and v = F~t for ~t > t, we need to
deriveMu!v . Let

S =

2
664

1 0 0

1
4

1
2

1
4

0 0 1

3
775
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be the transition probability matrix between genera-
tions for three genotypes of a locus by selfing.

MFt!F~t
= S

~t�t =

2
664

1 0 0

1
2 �

1
2~t�t+1

1
2~t�t

1
2 �

1
2~t�t+1

0 0 1

3
775 :

Random mating Ft

The random mating Ftpopulation is another quite com-
monly used experimental design for gene mapping.
This design has an advantage in separating closely
linked QTL. The effect of further random mating on the
conditional genotypic distribution H is equivalent to
increasing the recombination fraction between linked
markers. Thus, the transition probability matrix for Ft
by random mating can be approximated by (5) with r
replaced by

r(t) = 1
2 �

1
2 (1 � r)t�2

(1 � 2r) (13)

(Falconer and Mackay 1996; Darvasi and Soller 1995).
For random mating populations, it is usually necessary
to have u = v. quk should remain the same as (3) for
large random mating population.

Backcross from selfed Ft

When a selfed Ft population is backcrossed to P1 or
P2 or test crossed to another inbred line, we need to
infer only the gametic type produced by Ft. Let g0Ft be
a row vector of frequencies of the four gametic types
[AB; Ab; aB; ab] produced by Ft. Given (11),

g0Ft = p0FtC (14)

where

C =

2
666666666666666666666664

1 0 0 0

1
2

1
2 0 0

0 1 0 0

1
2 0 1

2 0

w
2

r
2

r
2

w
2

r
2

w
2

w
2

r
2

0 1
2 0 1

2

0 0 1 0

0 0 1
2

1
2

0 0 0 1

3
777777777777777777777775

andw = 1�r. Because there are only two genotypes in
a backcross at a locus, the transition probability matrix
equivalent to (12) is

GFt =

2
4 gFt [1]
gFt [1]+gFt [2]

gFt [2]
gFt [1]+gFt [2]

gFt [3]
gFt [3]+gFt [4]

gFt [4]
gFt [3]+gFt [4]

3
5

=

2
4 1�(

1
2�r)

t

1+2r + ( 1
2 � r)t

2r+(
1
2�r)

t

1+2r � ( 1
2 � r)t

2r+(
1
2�r)

t

1+2r � ( 1
2 � r)t

1�(
1
2�r)

t

1+2r + ( 1
2 � r)t

3
5 :

(15)

The definition of the two genotypes, however,
depends on whether the backcrossed parental popu-
lation is P1 or P2. Assuming u = v, puk is calculated
from (9) using GFt in the place of H in (6) and (7)
and with qu0k = [ 1

2 ;
1
2 ]. Since missing and dominant

(or recessive) phenotypes are equivalent in backcross-
es as far as information provided, consecutive intervals
with missing information can be merged and this cal-
culation becomes equivalent to that by Martinez and
Curnow (1994) as the backcross population is derived
from F1.

Advanced backcross BCt

Advanced backcross is an experimental design that
crosses a backcross to a recurrent parental line recur-
sively. This design is proposed by Tanksley and Nelson
(1996) as a method of combining QTL mapping with
QTL transfer from unadapted germplasm into an elite
inbred line.

Let the recurrent parent have a genotype ab=ab in
two loci, and let g0BCt

be a row vector of frequencies of
the four gametic types [AB; Ab; aB; ab] produced
by an advanced backcross at generation t denoted as
BCt. We know that

g0BC1
= [(1 � r)=2; r=2; r=2; (1 � r)=2]:

Because in each generation the recurrent parent always
contributes a gamete aa, as in (11) we have

g0BCt
= g0BC1

Tt�1
BC (16)

with

TC =

2
666664

w
2

r
2

r
2

w
2

0 1
2 0 1

2

0 0 1
2

1
2

0 0 0 1

3
777775 :
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Thus the transition probability matrix equivalent to
(15) can be obtained with some manipulation as

GBCt =

"
(1� r)

t 1� (1� r)
t

1
2t�1 [1� (1� r)

t
] 1

2t�1 [(1� r)
t
+ 2t � 2]

#
:

(17)

All other calculations will be the same as above except
qBCt0

k = [ 1
2t ; 1 � 1

2t ].

Backcross from random mating Ft

For the backcrosses from random mating Ft, the tran-
sition probability matrix is given by

GFt =

"
1 � r(t+1) r(t+1)

r(t+1) 1 � r(t+1)

#
(18)

with r(t+1) defined by (13). All other specifications are
the same as for the backcrosses from selfed Ft.

Design III

Another special design which has been used extensive-
ly in QTL mapping in plants is Design III (e.g., Stuber
et al., 1992; Xiao et al., 1995). This design was origi-
nally introduced by Comstock and Robinson (1952) for
estimating the average degree of dominance for quan-
titative trait loci. In this design, F2 or Ft individuals
were each backcrossed to both original parental inbred
lines P1 and P2. Adapted for QTL mapping, markers
are usually genotyped on (selfed) Ft individuals and
quantitative traits are measured on the individuals of
backcrosses Bt1 = Ft � P1 and Bt2 = Ft � P2.

Thus the design involves u = Ft and v = Bt1 or
Bt2, or more generally v = B~t1 or B~t2 for ~t � t. Let

C1 =

2
664

1 0 0

1
2

1
2 0

0 1 0

3
775 and C2 =

2
664

0 1 0

0 1
2

1
2

0 0 1

3
775 :

MFt!B~t1
= S

~t�tC1 andMFt!B~t2
= S

~t�tC2. Other
terms are the same as for selfed Ft.

As emphasized by Cockerham and Zeng (1996),
when both backcrosses are available, QTL mapping
analysis should be performed on both backcrosses
simultaneously.

Marker linkage map reconstruction

In the above analysis, the marker linkage map is
assumed to be known. For some organisms such as
mouse, this may be safely assumed as so many mark-
ers have already been mapped in the mouse genome
(e.g., Dietrich et al., 1994). For many other organ-
isms, however, a marker linkage map may have to be
reconstructed from the same data for mapping QTL. In
this case, the inference of linkage map can be affected
by missing marker information and this would in turn
affect the inference of distribution of QTL genotype.
Here, we investigate the effect of dominant and miss-
ing markers on the marker linkage map reconstruction.
The algorithm for map reconstruction consists of two
parts. One is the search for the best gene order and the
other is the evaluation of a given gene order. In this
paper, we concentrate our discussion on the likelihood
evaluation of gene orders with dominant and missing
markers and avoid the discussion of finding optimum
ways to search for the best order. We will also not
discuss issues involved in the test of marker linkage
orders.

Let zj1; � � � ; zjm be the phenotypic observations
of markers M1; � � � ; Mm for the jth individual in an
F2 population. The markers are under the consideration
for a linkage group. The likelihood of the observations
depends on the model of linkage events and marker
linkage order. Under the assumption of no crossing-
over interference and for the orderM1; M2; � � � ; Mm,
the likelihood is defined with our matrix notation as

L =

nY
j=1

P (zj1; � � � ; zjm)

=

nY
j=1

P (xj1)P (zj1; � � � ; zjmjxj1)

=

nY
j=1

q01Izj1Hzj2(r1)Hzj3(r2) � � �Hzjm(rm�1)c

(19)

where n is the sample size. This likelihood can be used
as a criteria for the comparison of different linkage
orders.

The likelihood is a function of recombination fre-
quencies between adjacent markers for a given mark-
er linkage order. When there is no missing data in a
sample, the recombination frequency can be estimated
for each pair of markers independently, and is usually
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estimated for all pair-wise of markers before the eval-
uation of likelihood. However, when some markers
are missing or partially missing, estimation of some
recombination frequencies depends on marker linkage
order and has to be performed for each given order.

For a given linkage order such as M1; M2; � � � ;
Mm, the recombination frequency can be estimated
by an EM algorithm and repeatedly updated for each
adjacent marker interval in sequence until convergence.
Each update will depend on estimates of recombination
frequencies at some or all intervals. To update the esti-
mate of recombination frequency for the kth interval,
we need to calculate for each individual

P (xkxk+1jzi; � � � ; zl)

=
P (xkxk+1)P (zi � � � zljxk; xk+1)P

xk;xk+1
P (xkxk+1)P (zi � � � zljxk; xk+1)

=
P (xk)P (xk+1jxk)P (zi � � � zkjxk)P (zk+1 � � � zljxk+1)P

xk;xk+1
P (xk)P (xk+1jxk)P (zi � � � zkjxk)P (zk+1 � � � zljxk+1)

(20)

which can be expressed in matrix form as

Ak =
[(qk � p

L
k )p

R0
k+1] �H(rk)

(qk � p
L
k )
0H(rk)pRk+1

; (21)

where Ak is a 3 � 3 matrix. Define ajcd as the cth
row and dth column element of Ak for individual j.
The recombination frequency for the kth interval can
be updated as

~rk =
1

2n

nX
j=1

h
aj12 + 2aj13 + aj21

+
r2
k

(1 � rk)2 + r2
k

2aj22 + aj23 + 2aj31 + aj32

�
;

(22)

where rk is the estimate in the previous round (see also
Jansen & Stam, 1994). We performed a simulation
study to examine the effect of dominant and missing
markers on linkage map reconstruction. A chromo-
some of 60 cM is simulated for an F2 population. We
considered the same types of marker densities and com-
positions as in Table 1 in the comparison. For the mark-
er densities 10 cM and 20 cM, an exhaustive search was
conducted for the best-supported linkage order by like-
lihood. For the marker density 5 cM (with 13 markers),
however, the number of possible linkage orders is too
many (3.1 billion) to do exhaustive search. In this case,

each marker was added to the map in sequence starting
with three well-separated markers. In each addition at
least 30 previous orders with the highest likelihoods
remained in consideration, and only the orders that
differed from the highest order by LOD score 6.0 were
removed from the consideration. The sample size was
still 150 and the number of replicates was 1000 for
each marker density and composition. The results are
given in Table 2.

The results indicate that case (b) with 15% data
missing has very little effect on the linkage map recon-
struction for the parameters considered as compared
to case (a). The proportion of correct linkage order

decreases only slightly for case (c), but very substan-
tially for case (d). Apparently, the chance to obtain the
correct linkage order for case (e) is low particularly
for marker density 5 cM. However, the proportion of
intervals with correct flanking markers remains rea-
sonably high. This is good for marker-assisted selec-
tion based on QTL mapping. Even though the linkage
order is incorrect, the QTL can still have a reasonably
high chance to be mapped in the correct marker inter-
val and be selected through flanking markers. Table 2
also shows that when the linkage order is incorrect-
ly inferred, the length of map is usually enlarged (the
mean estimated interval size is increased). This implies
that, when a large proportion of markers are dominant,
without well-separated codominant markers estimation
of genome size can be unreliable. Unreliable inference
of linkage map can significantly affect QTL mapping,
particularly on the precision of estimation of QTL loca-
tion.

Discussion

Due to the widespread use of PCR technology in geno-
typing, dominant markers are commonly available for
mapping analysis in plants and animals. Although a
dominant marker is not as informative as a codomi-
nant marker in populations like F2, their abundance and
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Table 2. Simulation results of linkage map reconstruction (the five marker compositions are the same as in
Table 1)

Interval Marker Proportion of Proportion of Mean number Estimated

size (cM) compositions correct order intervals with of break-up mean interval

correct flanking markers point size (SD)

5 (a) 1.00 1.00 0.00 5.0(0.41)

(b) 0.998 1.00 0.002 5.0(0.42)

(c) 0.98 0.997 0.032 5.0(0.42)

(d) 0.90 0.985 0.18 5.0(0.43)

(e) 0.12 0.70 3.54 5.2(0.86)

10 (a) 1.00 1.00 0.00 10.1(0.88)

(b) 1.00 1.00 0.00 10.1(0.96)

(c) 0.998 1.00 0.002 10.1(0.95)

(d) 0.98 0.99 0.04 10.2(0.98)

(e) 0.43 0.83 1.03 10.1(1.49)

20 (a) 1.00 1.00 0.00 20.1(2.01)

(b) 1.00 1.00 0.00 20.2(2.30)

(c) 0.998 0.999 0.002 20.2(2.53)

(d) 0.89 0.96 0.13 21.2(4.69)

(e) 0.41 0.77 0.69 21.4(5.48)

accessibility can be a big advantage for mapping analy-
sis. For some organisms it can be hard to find sufficient
number of codominant markers for mapping analysis
and dominant markers may have to be used. For exam-
ple, wheat is a hexaploid, with homoeologous groups
of chromosomes, that contains a high proportion of
highly repetitive DNA. Genomic variation is also rela-
tively low among varieties in wheat. This makes it hard
to find a large number of appropriate probes for RFLP.
However, PCR based markers are rich and abundant.
Thus, it is important and often necessary to incorporate
those markers in mapping analysis.

We derived in this paper a general algorithm to
incorporate dominant and missing markers in QTL
mapping analysis and also in marker linkage map
reconstruction. The method uses Markov chains to
link multiple intervals and multiple generations in the
calculation of conditional probability of a genotype
of an individual at a specific genomic position giv-
en the observed relevant marker data of the individ-
ual and related individuals. The idea is the same as
Lander and Green (1987). This analysis, of course,
depends on the assumption of no crossing-over inter-
ference. When there is negative crossing-over interfer-
ence, which is the usual case, the probability of double
or triple crossing-over events will be lower than that
considered in the algorithm. However, those probabil-
ities are in the lower magnitudes in the analysis, and

the effect of the assumption of no crossing-over inter-
ference is likely to be small for the algorithm.

The method is developed for various populations
stemming from two inbred lines. The idea and algo-
rithm can also be extended to other types of experimen-
tal designs and to pedigrees. With multiple individuals
related to an individual in consideration in a pedigree,
the marker information of all those individuals can
contribute to the inference of the genotype of the indi-
vidual concerned. It can also be used to calculate the
parental genotype distribution at a genomic position
given observed marker information of the individual,
its offspring, and perhaps its parents as well at multiple
markers. This algorithm can be constructed by follow-
ing the approach taken in this paper and will be proven
to be an efficient way in utilizing all relevant marker
information in pedigree data analysis.

Our simulation results also point out that it is
important to have some codominant markers in a link-
age group, although data with only dominant markers
can still be analyzed. Those codominant markers can
provide accurate anchors in various positions of the
genome and can increase the accuracy of the analysis
substantially. It is important to combine dominant and
codominant markers in mapping analysis, especially
when the marker linkage map has to be reconstructed
from the data before being used for mapping QTL.
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